Rules for integrands involving inverse sines and cosines

1.Jh(a+bAmShﬂc+dx”"dx

1: Jka+bmmshﬂc+dx”"dx

Derivation: Integration by substitution
Rule:

1
J(a+bAr‘cSin[c+dx])"dlx — ESubst[J(a+bArcSin[x])"dlx, X, c+dx]

Program code:

Int[(a_.+b_.+ArcSin[c_+d_.*x_])"n_.,x_Symbol] :=
1/d+Subst[Int[ (a+bxArcSin[x])~n,x],x,c+d*x] /;
FreeQ[{a,b,c,d,n},x]

Int[ (a_.+b_.*ArcCos[c_+d_.*x_])”n_.,x_Symbol] :=
1/d*Subst [Int[ (a+bxArcCos[x])”*n,x],X,c+dxx] /;
FreeQ[{a,b,c,d,n},x]



Rules for integrands involving inverse sines and cosines

2: J(e+fx)'" (a+bArcsinfc+dx])"dx

Derivation: Integration by substitution

Rule:

de-cf
d

1 £\
~I-(e+-Fx)"‘(a+bAr‘cSin[c+dx])"dlx — ESubst[J( +TX) (a+bArcsin[x])" dx, x, c+dx]

Program code:

Int[(e_.+f_.#x_) m_.*(a_.+b_.*ArcSin[c_+d_.*x_])"n_.,x_Symbol] :=
1/d+Subst[Int[ ((dxe-c+f) /d+fxx/d) mx (a+bxArcSin[x]) n,x],x,c+dxx] /;
FreeQ[{a,b,c,d,e,f,m,n},x]

Int[(e_.+f_.#x_)"m_.%(a_.+b_.*ArcCos[c_+d_.*x_])"n_.,x_Symbol] :=
1/d+Subst[Int[ ((d+e-c+f)/d+fxx/d) mx (a+b*ArcCos[x])~n,x],x,c+d*x] /;
FreeQ[{a,b,c,d,e,f,m,n},x]



Rules for integrands involving inverse sines and cosines

3:JXA+Bx+Cxﬂp(a+bAmsnwc+de"dxmmenB(l-&)+2Acd=e/\2cc-Bd=a

Derivation: Integration by substitution

Basis: If B (1 - c? +2Acd::0/\2cC—Bd::0,thenA+Bx+Cx2::—dc—2+dc—2 (c+dx)?

Rule:1f B (1-c?) +2Acd=0 A 2cC-Bd = 0,then

C x?

d2

1 C P
J(A+Bx+Cx2)p(a+bArcSin[c+dx])"dlx — ESubst[f(—d—2+ ) (a+bArcsin[x])"dx, x, c+dx]

Program code:

Int[(A_.+B_.#x_+C_.*Xx_"2)"p_.(a_.+b_.*ArcSin[c_+d_.xx_])"n_.,x_Symbol] :=
1/d#Subst[Int[ (-C/d"2+C/d*2%x"2) “p* (a+b*ArcSin[x])~n,x],x,c+d*x] /;
FreeQ[{a,b,c,d,A,B,C,n,p},x] & EQQ[B* (1-c”2) +2xAxc*d,0] && EqQ[2xcxC-Bxd,0]

Int[ (A_.+B_.*x_+C_.*x_"2)"p_.*(a_.+b_.*ArcCos[c_+d_.*x_])"n_.,x_Symbol] :=
1/d*Subst[Int[ (-C/d*2+C/d*2xx"2) “p* (a+bxArcCos [x])*n,x],X,c+dxx] /;
FreeQ[{a,b,c,d,A,B,C,n,p},x] &% EqQ[B* (1-c”2) +2xAxc+d,0] && EqQ[2xcxC-Bxd,0]



Rules for integrands involving inverse sines and cosines

4: J(e+fx)'" (A+Bx+Cx*)? (a+bArcsin[c+dx])"dx when B (1-c?) +2Acd=0 A 2cC-Bd=0

Derivation: Integration by substitution

Basis: If B (1 - c? +2Acd::0/\2cC—Bd::0,thenA+Bx+Cx2::—dc—2+dc—2 (c+dx)?

Rule:1f B (1-c?) +2Acd=0 A 2cC-Bd = 0,then

1 -cf fx\" 2
J(e+fx)m(A+Bx+Cx2)p(a+bArcSin[c+dx])"d1x—> ESubst[J[de ‘ X) (_c £x

p
+ — —+—] (a+bArcsin[x])"dx, x,c+dx]
d d d? d?

Program code:
Int[(e_.+F_.#x_)Am_.% (A_.+B_.#x_+C_.*Xx_"2)"p_.(a_.+b_.»ArcSin[c_+d_.*x_])"n_.,x_Symbol] :=
1/d*Subst [Int[ ( (d*e-c*f) /d+'F*x/d) Amx (-C/d*2+C/d*2xx"2) “p* (a+b*ArcSin [x] )"n,x] ,x,c+d*x] /3
FreeQ[{a,b,c,d,e,f,A,B,C,m,n,p},x] & EqQ[B* (1-c"2)+2#Axcd,0] && EqQ[2+C*C-Bxd,0]
Int[(e_.+F_.#x_) m_.% (A_.+B_.*X_+C_.*X_"2)"p_.*(a_.+b_.*ArcCos[c_+d_.*x_])"n_.,x_Symbol] :=

1/d=Subst [Int] ( (dxe-c+f) /d+Fxx/d) *mx (-C/d*2+C/d" 24X 2) "px (a+bxArcCos [X] )An,x] ,x,c+dxx] /;
FreeQ[{a,b,c,d,e,f,A,B,C,m,n,p},x] & EqQ[B* (1-c"2)+2#Axcxd,0] && EqQ[2#C*C-Bxd,0]

2. J(a+bArcSin[c +dx2])"d1x when ¢ ==1

1. j(a+bArcSin[c+dx2])"dx when ¢2==1 A n>0

1. J\/a+bArcSin[c+dx2] dx when c? =1

1: J\/a+ bArcsin|c +dx2] dx when c?==1

Derivation: Integration by parts

Rule: If ¢? == 1, then



Rules for integrands involving inverse sines and cosines

X2

j\/a+bArcSin[c+dx2] dx — X\/a+bAr‘cSin[c+dx2] —de dx
V-2cdx?-d*x* \/a+bAr'cSin[c+dx2]

— x'\/a+bAr'cSin[c+dx2] -

vV x (Cos[zlb] +cSin[zlh]) Fr‘esnelc[" "C—b \/a+bAr‘cSin[c+dx2] ] Vi x (Cos[:—b] —cSin[;—b]) Fr‘esnels[‘, :—b '\/a+bAr'cSin[c+dx2] ]
+

,’ ﬁ (Cos[%ArcSin[c+dx2]] —cSin[%ArcSin[c+dx2]]) ,[ ﬁ (Cos[%Ar‘cSin[c+dxz]] —cSin[%Ar‘cSin[c+dx2]])

Program code:

Int[Sqrt[a_.+b_.*ArcSin[c_+d_.+x_"2]],x_Symbol] :=
x*Sqrt [a+bxArcSin[c+d*x"2]] -
Sqrt [Pi] xx (Cos[a/ (2xb) ] +cxSin[a/ (2xb) ] ) #FresnelC[Sqrt[c/(Pixb) | xSqrt[a+bxArcSin[c+d*x"2]]]/
(sart[c/b](Cos[ArcSin[c+d*x"2] /2] -c+Sin[ArcSin[c+d«x*2]/2]))
Sqrt [Pi]«x« (Cos[a/ (2xb) ] -cxSin[a/ (2xb) ]) «FresnelS[Sqrt[c/(Pixb) | «Sqrt[a+bxArcSin[c+d*x2]]]/
(sart[c/b] (Cos[ArcSin[c+dsx"2] /2] -cxSin[ArcSin[c+d«x*2]/2])) /;
FreeQ[{a,b,c,d},x] && EqQ[c”"2,1]

+



Rules for integrands involving inverse sines and cosines

2. J\/a+bArcCos[c+dxz] dx when c2:==1

1: J\/a+bArcCos[1+dxz] dx

Rule:

J\\/a+bArcCos[1+dx2] dx —

2'\/a+bAr'cCos[1+dx2] Sin[%Ar‘cCos[1+dx2]]2
- +

dx

ZV;Sin[;—b] Sin[%Ar‘cCos[1+dx2]] Fr‘esnelc[‘, :—b \/a+bAr‘cCos[1+dx2] ] ZV;COS[;T] Sin[%Ar‘cCos[1+dx2]] Fr‘esnels[,’ nl—b \/a+bArcCos[1+dx2] ]
+

L dx Lax
'\’b '\,b

Program code:

Int[Sqrt[a_.+b_.xArcCos[1+d_.*x_"2]],x_Symbol] :=
-2xSqrt[a+bxArcCos [1+d*x”2] ] *Sin[ArcCos [1+d*x"2] /2] Az/(d*x) -
2+Sqrt[Pi] »Sin[a/ (2#b) ] #Sin[ArcCos [1+dxx"2] /2] xFresnelC[Sqrt[1/(Pixb) ] *Sqrt[a+bsArcCos [1+dx"2]1]/(Sqrt[1/b]+dxx) +
2+Sqrt[Pi] xCos [a/ (2«b) ] #Sin[ArcCos [1+dxx"2] /2] xFresnelS [Sqrt[1/(Pixb) | xSqrt[a+b+ArcCos [1+d*x"2]]1]/(Sqrt[1/b] *xd+x) /;
FreeQ[{a,b,d},x]

2: J\/a +bArcCos[-1+dx*] dx

Rule:

J‘\/a +bArcCos[-1+d xz] dx —

2\/a +bAr‘cCos[—1+dx2] Cos[%Ar‘cCos[—1+dx2]]2

d x



Rules for integrands involving inverse sines and cosines

2'\/;(:05[;—[)] Cos[iAr‘cCos[—1+dx2]] Fr‘esnelc[,' i \/a+bArcCos[—1+dx2] ]
,’% d x
ZV;Sin[;—b] Cos[%Ar‘cCos[—1+dxz]] Fr‘esnels[,’ i \/a+bAr‘cCos[—1+dx2] ]

J% dx

Program code:

Int[Sqrt[a_.+b_.xArcCos[-1+d_.*x_"2]],x_Symbol] :=
2xSqrt[a+bxArcCos[-1+d*x"2] ] *Cos[ (1/2) *ArcCos [-1+d*x*2]]72/ (d*x) -
2+Sqrt[Pi] xCos [a/ (2#b) ] xCos [ArcCos [-1+d»x"2] /2] xFresnelC[Sqrt[1/(Pixb) ] xSqrt[a+bxArcCos[-1+dxx*2]]]/(Sqrt[1/b]«d+x) -
2+Sqrt[Pi] «Sin[a/ (2+b) ] xCos [ArcCos [-1+d»x"2] /2] xFresnelS[Sqrt[1/(Pixb) ] +Sqrt[a+bsArcCos[-1+d«x*2]]]/(Sqrt[1/b]+d+x) /;
FreeQ[{a,b,d},Xx]



Rules for integrands involving inverse sines and cosines

2: J(a+bArcSin[c+dx2])"dx when c?2=1 A n>1

Derivation: Integration by parts twice

2bdnx (a+bArcSin [c+d xz} )"’1

-2 cdx?2-d? x*

Basis: If ¢? == 1,then 9, (a + bArcSin|[c+dx?])" =

-2 cdx?-d? x4
d? x

. 2
Basis: X == — Oy

—dx? (2 c+d x?
N ( )

Rule:If c2==1 A n > 1,then

2 b ArcSi dx2])"*
f(a+bAr‘cSin[c+dx2])"dlx—>x(a+bArcSin[c+dx2])"—2bdnJX (a+ o 1n[c+ X]) dx

V-2cdx?-d*x*

2bnV-2cdx?-d?x* (a+bAr-cSin[c+dx2])"'1

d x

— X (a+bAr‘cSin[c+dx2])"+ -4b*n (n-1) ~J‘(a‘*b"'\r'cs:i'“[c""sz])n_zdlx

Program code:

Int[(a_.+b_.*ArcSin[c_+d_.*x_"2])"n_,x_Symbol] :=
Xx* (a+bxArcSin[c+d#x"2])"n +
2xbxnxSqrt [-2xcxd*x"2-d"2xx 4] * (a+b*ArcSin[c+d*x2] ) A (n-1) /(dx) -
4%b~2xnx (n-1) +Int [ (a+bxArcSin[c+dx"2])~(n-2),x] /;
FreeQ[{a,b,c,d},x] && EqQ[c”2,1] && GtQ[n,1]

Int[ (a_.+b_.*ArcCos[c_+d_.xx_"2])"n_,x_Symbol] :=
X* (a+bxArcCos [c+d*x"2])*n -
2xbxnxSqrt[-2xcxd*x"2-d"*2xx*4] » (a+bxArcCos [c+d*Xx"2] )~ (n-1) / (dxXx) -
4xb"2xnx (n-1) *Int [ (a+bxArcCos [c+d*x"2])~(n-2),x] /;
FreeQ[{a,b,c,d},x] &% EqQ[c”2,1] && GtQ[n,1]

2. f(a+bArcSin[c+dx2])"dx when c2==1 A n<o



Rules for integrands involving inverse sines and cosines

1
1. J dx when c?==1
a+bArcSin[c+dx2]

1
1: J. dx when c?=:1
a+bAr‘cSin[c+dx2]

Rule: If ¢ == 1, then

1
dx —
a+ bAr‘cSin[c + dxz]

x (c Cos[;—b] —Sin[;—b]) CosIn'tegr‘al[ZLb (a+bArcsin[c+dx*])] x(c Cos[za—b] +Sin[za—b]) SinIntegr‘al[;—b (a+bArcsin[c+dx?])]

2b (Cos[%Ar‘cSin[c+dx2]] —cSin[%Ar‘cSin[c+dx2]]) 2b (Cos[%Ar‘cSin[c+dx2]] —cSin[%Ar‘cSin[c+dx2]])

Program code:

Int[1/(a_.+b_.+ArcSin[c_+d_.*x_"2]),x_Symbol] :=
-x* (cxCos[a/ (2xb) ] -Sin[a/ (2xb) ] ) xCosIntegral[ (c/ (2xb)) » (a+bxArcSin[c+d+x*2])]/
(2#b« (Cos [ArcSin[c+d«x~2] /2] -c#Sin[ArcSin[c+d*x"2] /2])) -
x* (cxCos[a/ (2«b) ] +Sin[a/ (2xb) ] ) +SinIntegral[ (c/ (2xb)) » (a+bxArcSin[c+dxx*2])]/
(2#b« (Cos [Arcsin[c+d«x~2] /2] -c#Sin[ArcSin[c+d*x”2] /2])) /;
FreeQ[{a,b,c,d},x] &% EqQ[c”"2,1]



Rules for integrands involving inverse sines and cosines

1
2. J. dx when c? =1
a+bArcCos|c+dx?]

1
1: j dx
a+ bArcCos[l + dxz]

Rule:

1
dx —
a + bArcCos [1 +d xz]

X Cos[:—b] CosIntegral| i (a+bArcCos[1+dx*])] xSin] za—b] SinIntegr‘al[zl—b (a+bArcCos[1+dx*])]
+

V2 bV-dx? V2 bV-dx?

Program code:

Int[1/ (a_.+b_.*ArcCos[1+d_.*x_"2]),x_Symbol] :=
xxCos[a/ (2xb) ] xCosIntegral[ (a+bxArcCos[1+d*x"2]) / (2xb) ]/ (Sqrt[2] xb*xSqrt[-d*x"2]) +
xxSin[a/ (2xb) ] *SinIntegral[ (a+bxArcCos[1+d%xx"2]) / (2xb) ]/(Sqr't [2] xbxSqrt [-dxx"2]) /;
FreeQ[{a,b,d},x]

10



Rules for integrands involving inverse sines and cosines

1
2: J dx
a+ bArcCos[—l +d x2]

Rule:

1
dx —
a+ bArcCos[—l +d xz]

xSin| ﬁ] CosIntegr‘al[;—b (a+bArcCos[-1+dx?])] xCos| za—b] SinIntegr‘al[zl—b (a+bArcCos[-1+dx*])]

V2 bVdx? V2 bVdx?

Program code:

Int[1/ (a_.+b_.*ArcCos[-1+d_.*x_"2]),x_Symbol] :=
x*Sin[a/ (2xb) ] *CosIntegral[ (a+bxArcCos[-1+d*x"2]) / (2xb) ]/ (Sqrt[2] xbxSqrt [d*x"2]) -
xxCos[a/ (2xb) ] *SinIntegral[ (a+bxArcCos[-1+dxx”*2]) / (2xb) ]/(Sqr't [2] *xbxSqrt[dxx"2]) /;
FreeQ[{a,b,d},x]

11



Rules for integrands involving inverse sines and cosines

dx when c?==1

1
2 J
\/a+ bAr‘cSin[c +dx2]

dx when c?==1

1
1: J
\/a+bAr‘cSin[c+dx2]

Rule: If ¢ == 1, then

X —

J\ +bAr n|ic +
'\/a cSi d x

_\/;x (cos[ 2] -csin[2]) Fresnelc[\/b_clv7 \/a+bArcSin[c+dx2] ] ] Vr x (Cos[ 2] +csin[2]) Fresnels[\/b_clﬁ

\/a+bAr‘cSin[c+dx2] ]

Vbc (Cos[%Ar‘cSin[c+dx2]] —cSin[%ArcSin[c+dx2]]) Vbc (Cos[%Ar‘cSin[c+dx2]] —cSin[%ArcSin[c+dx2]])

Program code:

Int[1/Sqrt[a_.+b_.*ArcSin[c_+d_.xx_"2]],x_Symbol] :=
—Sqrt[Pi]*x*(Cos[a/(z*b)]—c*Sin[a/(z*b)])*Fresnelc[l/(Sqrt[b*c]*Sqrt[Pi])*Sqrt[a+b*ArcSin[c+d*xA2]]]/
(Sqrt[b*c]*(Cos[ArcSin[c+d*xA2]/2]—c*Sin[ArcSin[c+d*xA2]/2])) =
Sqrt [Pi] x« (Cos[a/ (2xb) ] +cxSin[a/ (2xb) ]) xFresnelS[ (1/(Sqrt[bxc]+Sqrt[Pi]))«Sqrt[a+bxArcSin[c+d*x"2]]]/
(sart[bxc] * (Cos [ArcSin[c+d«x2] /2] -cxSin[ArcSin[c+d#x*2]/2])) /;
FreeQ[{a,b,c,d},x] &% EqQ[c”"2,1]

dx when c?==1

1
2 J
\/a+bAr'cCos[c +dx?]

X

1
1:J\ d
\/a+bArcCos[1+dx2]

Rule:

12



Rules for integrands involving inverse sines and cosines 13

X —

J + r o +
d
\/a b ArcCos (1 dx

-iz ’E Cos[za—b] Sin[%Ar‘cCos[1+dx2]] Fr‘esnelc[ﬂl 7r1_b '\/a+bAr‘cCos[1+dx2] ] -
2«/% sin[:—b] Sin[%ArcCos[1+dx2]] Fresnels[ﬂ[ :—b \/a+bAr'cCos[1+dx2] ]

d x

Program code:

Int[1/Sqrt[a_.+b_.*ArcCos[1+d_.*x_"2]],x_Symbol] :=
-2+Sqrt [Pi/b]«Cos[a/ (2xb) ] #Sin[ArcCos [1+d+x"2] /2] xFresnelC[Sqrt[1/(Pixb) ] +Sqrt[a+bsArcCos[1+d+x~2]]]/ (d*x) -
2+Sqrt[Pi/b] «Sin[a/ (2+b) ] xSin[ArcCos [1+d+x"2] /2] #FresnelS [Sqrt[1/(Pixb) | «Sqrt[a+bxArcCos [1+d*x"2]]1]/(d*x) /;

FreeQ[{a,b,d},x]

X

1
2: J\ d
\/a + bAr‘cCos[-l + dxz]

Rule:

X —

1
d
J\\/a+bAr‘cCos[—1+dx2]
dixz\/?sin[:—b] Cos[%ArcCos[—1+dx2]] Fr‘esnelc[ﬂl 7r1_b \/a+bAr‘cCos[—1+dx2] ] -
iz\/?Cos[:—b] Cos[%Ar‘cCos[—1+dx2]] Fr‘esnelS[J :—b \/a+bAr‘cCos[—1+dx2] ]

Program code:

Int[1/Sqrt[a_.+b_.*ArcCos[-1+d_.*x_"2]],x_Symbol] :=
2+Sqrt[Pi/b] xSin[a/ (2+b) ] xCos [ArcCos [-1+d*x"2] /2] xFresnelC[Sqrt[1/(Pixb) ] +Sqrt[a+bArcCos[-1+d*x*2]]]/(d*x) -
2+Sqrt[Pi/b] xCos [a/ (2xb) ] xCos [ArcCos [-1+d*x"2] /2] xFresnelS[Sqrt[1/(Pixb) ] +Sqrt[a+bxArcCos [-1+d*x2]]1]/(d*x) /;

FreeQ[{a,b,d},x]



Rules for integrands involving inverse sines and cosines

3. J.(a+bArcSin[c+dx2])"dlx when c2==1 A n<-1

1.J

1: j
(a+bAr‘cSin[c+dx2])3/2

1
dx when c? =1

(a+ bAr'cSin[c + dxz])e'/2

1

dx when c?2==1

Derivation: Integration by parts

Basis: If c? == 1, then - bax == O -

V-2cdx?-d?x* (arbArcsin[c+dx?] )3/2 \/ a+b Arcsin[c+d x?]

Rule: If c? == 1, then

dx

J 1 V-2cdx?-d*x* dJ x?
V-2cdx?-d?x* \/a+bAr‘cSin[c+dx2]

dx — -
(a+bArcSin[c+dx2])3/z bdX\/a+bArcSin[c+dx2] b

V-2cdx?-d?x*

—_— - -

bdX\/a+bAr‘cSin[c+dx2]

(ﬁ)”z\/;x (Cos[&] +csin[=]) FresnelC[J = \/a+bArcSin[c+dx2] ]
+

Cos[%ArcSin[c +dx?]] -c Sin[%ArcSin[c +dx?]]

(5)3/2\/;,( (Cos[;—b] —cSin[:—b]) Fresnels[,' :—b \/a+bAr‘cSin[c+dx2] ]

Cos[iAr‘cSin[c +dx?]] -c Sin[%Ar‘cSin [c+dx?]]

Program code:

14



Rules for integrands involving inverse sines and cosines

Int[1/(a_.+b_.+ArcSin[c_+d_.*x_"2])"(3/2),x_Symbol] :=
-Sqrt [—2*c*d*x"2—d"2*x"4]/(b*d*X*Sqr‘t [a+b*Ar'cS:i.n [c+d*x"2] ] ) -
(€/b)~(3/2) xSqrt[Pi] xxx (Cos [a/ (2xb) ] +cxSin[a/ (2xb) ]) xFresnelC[Sqrt[c/(Pixb) ] xSqrt[a+bsArcSin[c+d+x~2]]]/
(Cos[(1/2) *ArcSin[c+d*x2] | -cxSin[ArcSin[c+d+x*2]/2]) +
(c/b)A(3/2)*Sqrt[Pi]*x*(Cos[a/(Z*b)]—c*Sin[a/(2*b)])*Fresnels[Sqrt[c/(Pi*b)]*Sqrt[a+b*ArcSin[c+d*xA2]]]/
(Cos[(1/2) #ArcSin[c+d»x2] | -cxSin[ArcSin[c+d+x*2]/2]) /;
FreeQ[{a,b,c,d},x] && EqQ[c”2,1]

15



Rules for integrands involving inverse sines and cosines

1
2. j dx when c?==1
(a + b ArcCos [c +d xz] )3/2
1
1: j dx
(a + b ArcCos [1 +d xz])a‘/2

Derivation: Integration by parts
Basis: bdx - o, 1

V -2dx2-d2x* (a+bArcCos[1+dx?]) 3/2 +/ a+b ArcCos[1+d x?]

Rule:

+

J\ 1 V-2dx?-d?x*

dx —
(a+bArcCos[1+dx’])*? bdxx/a+bAr‘cCos[1+dx2]

oTla

XZ
J dx
V-2dx?-d?x* \/a+bArcCos[1+dx2]

V-2dx?-d?x*

N -

bdX\/a+bArcCos[1+dx2]

i2 (%]3/2\/;Sin[;—b] Sin[%Ar‘cCos[1+dxz]] Fr‘esnelc[ﬂl 7rl_b \/a +bArcCos[1+dx?] ] +

d x
iz (%]B/ZV;COS[:—')] Sin[%ArcCos[1+dx2]] Fr‘esnelS[J 7r1_b '\/a+ bAr‘cCos[1+dx2] ]

Program code:

Int[1/ (a_.+b_.*ArcCos[1+d_.*x_"2])"(3/2),x_Symbol] :=
Sqrt[-2xdxx"2-d*2xx*4] / (bxd*x*Sqrt [a+bxArcCos [1+d*x"2]]) -
2 (1/b)~(3/2) #Sqrt [Pi]«Sin[a/ (2xb) ] #Sin[ArcCos [1+dxx"2] /2] xFresnelC[Sqrt[1/(Pixb) | +Sqrt[a+bsArcCos [1+dxx*2]]]/(dx) +
24 (1/b) ~(3/2) #Sqrt[Pi] «Cos[a/ (2«b) ] #Sin[ArcCos [1+d*x"2] /2] xFresnelS [Sqrt [1/(Pi*b) ] *sart[a+bxArcCos [1+d#x"2] ] ]/(d*x) /3
FreeQ[{a,b,d},x]



Rules for integrands involving inverse sines and cosines

2 ! d
: X
J(a+bAr‘cCos[—1+dx2])3/2

Derivation: Integration by parts

Basis: bdx = Oy 1

V2dx2-d*x* (a+bArcCos[-1+dx?]) 3/2 4/ a+b ArcCos[-1+d x?]

Rule:

dx

J” 1 Va2dx2-d?x* dJ" x2
.o
V2dx?-d?x* \/a+bArcCos[—1+dx2]

dx —
(a+bArcCos[-1+dx2])*? bdX\/a+bArcCos[—1+dx2] b

2dx?-d?x*
N _

bdX\/a+bArcCos[—1+dx2]

i2 [l)yz\/;Cos[:—b] Cos[iAr‘cCos[—1+dx2]] FresnelC[J 7r1_b '\/a + bAr‘cCos[—1+dx2] ] -

d x b
3/2
iz (%) ' '\/;Sin[za—b] Cos[%ArcCos[—1+dxz]] FresnelS[J ﬁ \/a+bArcCos[-1+dx2] ]

Program code:

Int[1/ (a_.+b_.*ArcCos[-1+d_.*x_"2])~(3/2),x_Symbol] :=
Sqgrt[2xd*x"2-d*2xx"4] / (bxdxx*Sqrt[a+bxArcCos [-1+d*x*2]]) -
2 (1/b)~(3/2) #Sqrt [Pi] «Cos[a/ (2xb) ] #Cos [ArcCos [-1+d+x"2] /2] #FresnelC[Sqrt[1/(Pixb) | #Sqrt [a+bxArcCos [-1+d+x"2]]]/ (d*x) -
2% (1/b)~(3/2) #Sqrt [Pi]«Sin[a/ (2xb) ] #Cos [ArcCos [-1+d#x"2] /2] #FresnelS [Sqrt[1/(Pixb) | xSqrt[a+bxArcCos [-1+dx"2]1]/(d*x) /;
FreeQ[{a,b,d},x]



Rules for integrands involving inverse sines and cosines

2. J. = dx when c?==1
(a + bAr‘cSin[c +d xz] )2

1

1: -J- dx when c? =1
(a+ bAr‘cSin[c +dx2])2

Derivation: Integration by parts

Basis: If c? == 1, then - 2bdx =a 1

V-2cdx?-d?x* (a+bArcsin[c+dx?])? ) a+bArcsin[c+d x?]
J

2

1 V-2cdx?-d?>x* d x
J - 2dlx—) - - 5 JE— dx
(a+bArcsin[c+dx?]) 2bdx (a+bArcSin[c+dx?]) 2b | Ay cgx?-aZx (a+bArcsin[c+dx?])
V-2cdx?-d*x* x (Cos[;5] +csin[ 5 ]) CosIntegral[;- (a+bArcSin[c+dx?])]
—_ - - +
2bdx (a+bAr‘cSin[c+dx2]) 4p? (Cos[iAr‘cSin[c+dx2]] —cSin[%Ar‘cSin[c+dx2]])

X (Cos[zlh] - cSin[zlb]) SinIntegr‘al[;—b (a+bArcsin[c+dx?])]

4b? (Cos[%Ar‘cSin[c +dx?]] - cSin[%ArcSin[c +dx?]])

Program code:

Int[1/(a_.+b_.*ArcSin[c_+d_.*x_"2])"2,x_Symbol] :=
-Sqrt [—2*c*d*x"2—d"2*x"4]/(z*b*d*x* (a+b*Ar'cSin [c+d*x"2] ) ) -
x* (Cos[a/ (2xb) ] +cxSin[a/ (2xb) ] ) xCosIntegral[ (c/ (2xb)) » (a+bxArcSin[c+dxx*2])]/
(4%b~2x (Cos [ArcSin[c+d»x”2] /2] -cxSin[ArcSin[c+d+x*2]/2])) +
xx (Cos[a/ (2xb) ] -cxSin[a/ (2xb) ]) *SinIntegral[ (c/ (2xb) )« (a+bxArcSin[c+d»x"2]) ]/
(4%b~2x (Cos [ArcSin[c+d»x"2] /2] -cxSin[ArcSin[c+d«x*2]/2])) /;
FreeQ[{a,b,c,d},x] &% EqQ[c”2,1]

2. j = dx when c?==1
(a + bAr‘cCos[c +d xz])2

18



Rules for integrands involving inverse sines and cosines

1: J ! dx
(a+bAr‘cCos[1+dx2])2
Rule:
1
J dx —
(a+bAr‘cCos[1+dx2])2
Vo2d®-d2x* xSin[i] CosIntegral[i (a+bArcCos[1+dx?])] xCos[;—b] SinIntegral[i (a+bArcCos[1+dx?])]
+ -
2bdx (a+bArcCos[1+dx?]) 2V2 b2V _dx? 2v2 B2V _dxZ

Program code:

Int[1/ (a_.+b_.*ArcCos[1+d_.*x_"2])"2,x_Symbol] :=
Sqrt[-2xd*x”2-d”*2xx"4] / (2xb*dxx* (a+bxArcCos [1+d*x"2])) +
x*Sin[a/ (2xb) ] *CosIntegral[ (a+bxArcCos [1+d*xx”"2]) / (2xb) ]/ (2xSqrt[2] xb*2xSqrt[ (-d) *x"2]) -
xxCos [a/ (2xb) ] *SinIntegral[ (a+bxArcCos [1+d*x"2]) / (2xb) ]/(2*Sqrt [2] *b*2xSqrt [ (-d) *x*2]) /;
FreeQ[{a,b,d},x]

2: j = dx
(a+bArcCos[-1+dx2])?

Rule:
1
J dx —
(a+bArcCos[-1+dx2])?
V2dx - d? ¥ xCos[;—b] CosIntegr‘al[i (a+bArcCos[-1+dx?])] xSin[;—b] SinIntegr‘al[i (a+bArcCos[-1+dx?])]
2bdx(a+bAr‘cCos[—1+dx2])_ 2vV2 b2 Vdx® ) 272 2 Vd 2

Program code:

Int[1/ (a_.+b_.*ArcCos[-1+d_.*x_"2])~2,x_Symbol] :=
Sqrt[2xd*x*2-d*2xx"4] / (2xbxd*x* (a+bxArcCos [-1+d*x"2])) -
xxCos [a/ (2xb) ] xCosIntegral[ (a+bxArcCos[-1+d*x"2]) / (2xb) ]/ (2*Sqrt[2] *xb”2+Sqrt [d*x*2]) -
x*Sin[a/ (2xb) ] *SinIntegral[ (a+bxArcCos[-1+d*x"2]) / (2xb) ]/(Z*Sqr't [2] *b*2xSqrt [d*xx~2]) /;
FreeQ[{a,b,d},x]
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Rules for integrands involving inverse sines and cosines

3: j(a+bAr‘cSin[c+dx2])"dlx when c2==1 An<-1An¢-2

Derivation: Inverted integration by parts twice
Rule:If c2==1 A n< -1 A n# -2,then

f(a+bArcSin[c +dx2])"d1x —

x(a+bAr‘cSin[c+dx2])"+2 V-2cdx?-d*>x* (a+bAr~cSin[c+dx2])"*1 1
. -
4b% (n+1) (n+2) 2bd (n+1) x 4b% (n+1) (n+2)

Program code:

Int[(a_.+b_.*ArcSin[c_+d_.*x_"2])"n_,x_Symbol] :=
X (a+b*ArcSin [c+d%*x"2] )" (n+2)/(4*b"2* (n+1) * (n+2)) +
Sqrt[-2xcxd*x"2-d"2xx"4] » (a+b*ArcSin [c+d*x"2] ) ~ (n+1)/(2*b*d* (n+1) *x) -
1/ (4xb 2 (n+1) » (n+2) ) »Int[ (a+bxArcSin[c+d#x"2])~ (n+2),x] /;
FreeQ[{a,b,c,d},x] &% EqQ[c”2,1] && LtQ[n,-1] && NeQ[n,-2]

Int[(a_.+b_.*ArcCos[c_+d_.*x_"2])”~n_,x_Symbol] :=
X* (a+bxArcCos [c+d*x"2] )~ (n+2) / (4%b*2% (n+1) * (n+2)) -
Sgrt[-2xc*d*x"2-d*2xx"4] * (a+bxArcCos [c+d*x*2] )~ (n+1) / (2xbxd* (n+1) *x) -
1/ (4xb"2% (n+1) * (n+2) ) *Int[ (a+bxArcCos [c+d*Xx*2] )~ (n+2) ,Xx] /;
FreeQ[{a,b,c,d},x] && EqQ[c”2,1] && LtQ[n,-1] && NeQ[n,-2]

dx when nez*

ArcsSin[a xp]"
3: J-—

X

Derivation: Integration by substitution

Basis: Aresinlaxfiz .. % ArcSin[a xP]" Cot [ArcSin[a xP]] OxArcSin[a xP]

Rule: If n € z*, then

J(a +bArcsin[c+d xz])n+2 dx

20



Rules for integrands involving inverse sines and cosines

Arcsin[ax?]" 1
J— dx — — Subst[Jx" Cot[x] dx, X, ArcSin[a x"]]
x P

Program code:

Int[ArcSin[a_.+x_"p_]~n_./x_,x_Symbol] :=
1/p*Subst[Int[x*nxCot[x],x],X,ArcSin[a*x"p]]| /;
FreeQ[{a,p},x] && IGtQ[n,0]

Int[ArcCos[a_.*x_"p_]1"n_./x_,x_Symbol] :=
-1/p*Subst [Int [x*nxTan[x],x],X,ArcCos [axx"p]] /;
FreeQ[{a,p},x] && IGtQ[n,0]

C m
4: ju Ar‘cSin[a . bx"] dx

Derivation: Algebraic simplification
Basis: ArcSin[z] = ArcCsc| ﬂ

Rule:

. c m a bx"m
ju Ar'cSln[ ] dx — ju ArcCsc [ -+ ] dx
a+bx" C C

Program code:

Int[u_.*ArcSin[c_./(a_.+b_.#x_"n_.)]*m_.,x_Symbol] :

Int[uxArcCsc[a/c+bxx”*n/c]”m,x] /;
FreeQ[{a,b,c,n,m},Xx]

Int[u_.*ArcCos[c_./(a_.+b_.*x_"n_.)]1”m_.,x_Symbol]
Int[uxArcSec[a/c+bxx”*n/c]”m,x] /;
FreeQ[{a,b,c,n,m},Xx]



Rules for integrands involving inverse sines and cosines

Ar'csin['\/1+bx2 ]"
S:J dx
V1+bx?

Derivation: Piecewise constant extraction and integration by substitution
Basis: Oy @ =0

Basis: xArcsin| Vb | — %Subst{Mﬁ]—n , \/1+bx? } 1+bx?

V-bx% \/1+bx2 V1-x*
 Rule:
Ar‘cSin[\/m]n 4 V_bx® xAr‘cSin[\/m]n e
— %Subst[.{‘% dx, x, \1+bx? ]

Program code:

Int[ArcSin[Sqrt[1+b_.+x_"2]]~n_./Sqrt[1+b_.*x_"2],x_Symbol] :=
Sqrt [-bxx"2]/ (bxx) xSubst[Int [ArcSin[x]n/Sqrt[1-x"2],X],X,Sqrt [1+b+x"2]] /;
FreeQ[{b,n},x]

Int[ArcCos[Sqrt[1+b_.xx_"2]1]1”n_./Sqrt[1+b_.xx_"2],x_Symbol] :=
Sqrt[-b*xx”2]/ (bxx) *Subst [Int [ArcCos [x]”*n/Sqrt[1-x~2],x],X,Sqrt[1+b*xx"2]] /;
FreeQ[{b,n},x]
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Rules for integrands involving inverse sines and cosines 23

6: Ju feAresinfasbx]” gy when n e Z*

Derivation: Integration by substitution

Basis: F [X, ArcSin[a+bx]] = L Subst[F|-2+ 318Xl x| Cos[x], X, ArcSin[a+bx] | 6xArcSin[a+bx]

a
b b

Rule: If n € z7, then

a Sin[x]
-+
b b

c ArcSin[a+b x]" 1 cx" .
uf dx — 5 Subst[ Subst[u, X, - ] £ Cos[x] dx, X, ArcSin[a + bx]]

Program code:
Int[u_.+f_~(c_.*ArcSin[a_.+b_.*x_]"n_.),x_Symbol] :=
1/bSubst [Int[ReplaceAll[u,x-»-a/b+Sin [x]/b] #F~ (cxx”n) xCos [x],X] ,X,ArcSin[a+bxx]] /;
FreeQ[{a,b,c,f},x]| && IGtQ[n,0]
Int[u_.#f_~(c_.»ArcCos[a_.+b_.*x_]"n_.),x_Symbol] :=

-1/bxSubst [Int [ReplaceAll[u,Xx--a/b+Cos [x]/b]+f~ (cxx"n) xSin[x],Xx],X,ArcCos [a+b*x]] /;
FreeQ[{a,b,c,f},x] && IGtQ[n,0]

7. fv (a+bArcsin[u]) dx when uis free of inverse functions

1. Jv (a+bArcsin[u]) dx when uis free of inverse functions

1: Ar'cSin[ax2+b\/c+dx2 ] dx when b?c =1

Derivation: Integration by parts and piecewise constant extraction

Basis: If b2 ¢ == 1,then:- (ax®+bVerdx )2==—x2 (p?d+a?x?+2abVerdx? )



Rules for integrands involving inverse sines and cosines

X\/b2d+a2 x?+2ab+/c+d x? -9
\/—xz (bz d+a? x2+2ab+/c+d x? )

Basis: Oy

Note: The resulting integrand is of the form x F [xz} which can be integrated by substitution.

Rule: If b? ¢ == 1, then
x2 (bd+2a\/c+dx2)

jArcSin[ax2+b\/c+dx2 ] dx — xA|~cSin[ax2+b\/c+dx2 ] —J dx
Vec+dx? \/—xz (b2d+a2x2+2ach+dx2)

—»xArcSi"[aX2+bm]- x\/b2d+aZX2+Zabm X(bd+2a C"dxz) dx

\/_xz (b2d+a2x2+2ab“/c+dx2) Ve+dx? \/b2d+a2x2+2ab\/c+dx2

Program code:

Int[ArcSin[a_.#x_"2+b_.*Sqrt[c_+d_.*x_"2]],x_Symbol] :=
xxArcSin[ax*x*2+bxSqrt[c+d*x”2]] -
X*Sqrt [b”r2xd+a”2xx"2+2xaxbxSqrt [c+d*x”*2]]/Sqrt [ (-x*2) * (b*2xd+a”2xx"2+2xaxbxSqrt[c+d*x"2]) ]
Int[x* (bxd+2xa*Sqrt[c+d*x”2]) / (Sqrt[c+d*x*2] *Sqrt[b*2xd +a”2xx"2+2xaxbxSqrt[c+d*x*2]]),x] /;
FreeQ[{a,b,c,d},x] &&% EqQ[b”2xc,1]

Int[ArcCos[a_.*x_"2+b_.*Sqrt[c_+d_.*x_"2]],x_Symbol] :=
X*xArcCos [a*x*2+bxSqrt[c+d*x"2]] +
x*Sqrt [b”2xd+a”2xx"2+2xaxbxSqrt[c+d*x”*2]]/Sqrt[ (-x*2) * (b*2xd+a”2xx"2+2xaxb*xSqrt[c+d*x"2]) ]

Int[x* (bxd+2xaxSqrt[c+d*x”2]) / (Sqrt[c+d*x”*2] *Sqrt [b*2xd+a”2xx*2+2xaxbxSqrt[c+d*x*2]1]),x] /;
FreeQ[{a,b,c,d},x] &% EqQ[b”2xc,1]

2: [ArcSin[u] dx when uis free of inverse functions

Derivation: Integration by parts

Rule: If uis free of inverse functions, then
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Rules for integrands involving inverse sines and cosines

X Oy U
JAr‘cSin[u] dx — XxArcSin[u] - J— dx
1-u?
Program code:
Int[ArcSin[u_],x_Symbol] :=
xxArcSin[u] -
Int[simplifyIntegrand[x+D[u,x]/Sqrt[1-u~2],x],x] /;
InverseFunctionFreeQ[u,x] & Not[FunctionOfExponentialQ[u,x] ]
Int[ArcCos[u_],x_Symbol] :=
x*ArcCos [u] +
Int[simplifyIntegrand[x+D[u,x]/Sqrt[1-u~2],x],x] /;
InverseFunctionFreeQ[u,x] & Not[FunctionOfExponentialQ[u,x] ]
2: J}c-pdx)m(a-rbArcSin[u])dx when m# -1 A uis free of inverse functions
Derivation: Integration by parts
Rule:If m # -1 Auis free of inverse functions, then
(c+dx)™* (a+bArcSin[u]) b (c+dx)™o,u
~f(c+dx)'"(a+bArcSin[u])d1x — - J~ dix
d(m+1) d(m+1) 1-u?

Program code:

Int[(c_.+d_.#x_)"m_.*(a_.+b_.*ArcSin[u_]),x_Symbol] :=
(c+dxx) ~ (m+1) » (a+bxArcSin[u]) /(d« (m+1)) -
b/ (dx (m+1) ) »Int[SimplifyIntegrand[ (c+d+x)~ (m+1) D [u,x]/Sqrt[1-u2],x],x] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1] & InverseFunctionFreeQ[u,x] & Not[FunctionOfQ[ (c+d+x)~(m+1),u,x]] & Not[FunctionOfExponentialQ[u,x] ]

Int[(c_.+d_.*x_)"m_.*(a_.+b_.*ArcCos[u_]),x_Symbol] :=
(c+dxx)~ (m+1) * (a+bxArcCos [u]) / (dx (m+1)) +
b/ (dx (m+1)) *Int [SimplifyIntegrand[ (c+d*x)~ (m+1) *D[u,x] /Sqrt[1-u”2],X] ,x] /3
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1] & InverseFunctionFreeQ[u,x] & Not[FunctionOfQ[ (c+d+x)~(m+1),u,x]] & Not[FunctionOfExponentialQ[u,x] ]



Rules for integrands involving inverse sines and cosines 26

3: Jv (a + b ArcSin[u] ) dx when uand JV dx are free of inverse functions

Derivation: Integration by parts

Rule: If u is free of inverse functions, let w == Jv dx, if wis free of inverse functions, then
WOy u

Vi1-u?

Jv (a+bArcsinfu]) dx — w (a+bArcSin[u]) -b dx

Program code:

Int[v_=(a_.+b_.xArcSin[u_]),x_Symbol] :=
With[{w=IntHide[v,x]},
Dist [ (a+bxArcSin[u]),w,x]| -
bxInt[SimplifyIntegrand [wD[u,x]/Sqrt[1-u”2],x1,x] /;
InverseFunctionFreeQ[w,X] ] /5
FreeQ[{a,b},x] && InverseFunctionFreeQ[u,x] && Not[MatchQ[v, (c_.+d_.*x)”m_. /; FreeQ[{c,d,m},x]]1]

Int[v_=*(a_.+b_.*ArcCos[u_]),x_Symbol] :=
With[{w=IntHide[v,x]},
Dist[ (a+bxArcCos[u]) ,w,x] +
bxInt[SimplifyIntegrand [w+D[u,x]/Sqrt[1-u~2],x1,x] /;
InverseFunctionFreeQ[w,X] ] /5
FreeQ[{a,b},x] && InverseFunctionFreeQ[u,x] && Not[MatchQ[v, (c_.+d_.*x)”m_. /; FreeQ[{c,d,m},x]]1]



